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Variance component estimation with REML

Introduction to REML

is a widely used method for variance component estimation (VCE)

in linear mixed effect models
» REML estimation maximizes only the part of the likelihood that is independent of the fixed effects

* Produces less biased variance estimates than ordinary maximum likelihood (ML)

« Two most widely used algorithms for REML are and

« EM-REML uses the first derivatives of the REML log-likelihood (numerically stable but slow)
» AI-REML uses both the first and second derivatives of the REML log-likelihood (fast but sensitive to starting values)

« EM-REML computes REML estimates by iterating two steps:
1. E-step computes expectation of the complete-data log-likelihood given the current parameter estimates

2. M-step maximizes the likelihood -> updated parameter estimates
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Variance component estimation with REML

EM-REML

Consider single-trait model y=XB+Zu+e
Var(u) = G = c2A
Var(e) = R = o2l
Var(y) = ZGZ' + R

Mixed model equations:
'p—1 p—1
X'R™1X X'R % [E]— X'R-y
ZRX ZRZ+— A lal  lzRYy

u

The EM-REML updates of the VC are:

63 =—[0'A7 + tr(A"1CYY)]

a |

1
62 = - [é'€ + tr(WCW")]
where C is the inverse of the coefficient matrix, C"" its submatrix corresponding tou and W = [X Z]
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Variance component estimation with REML

Monte Carlo EM-REML

« MiX99 uses

« WHY?
 The analytical REML-based methods needs elements from the inverse coefficient matrix of the MME, i.e. for

prediction error variances (PEV)
* Inverting a dense and large coefficient matrix is computationally challenging in genomic models

 For large data, Monte Carlo algorithm can approximate PEV without inverting the coefficient matrix

(Garcia-Cortés et al. 1992)
by

e Ildeais
and then as observations
and the over the

By generating the samples,
samples can be calculated
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Variance component estimation with REML

Monte Carlo EM-REML

(Matilainen et al. 2012) makes REML feasible for large data sets and complex
models for which the inversion of the coefficient matrix would be too memory and time consuming

* |s faster than EM-REML and can handle larger models

« Simulated data (MC samples) is generated according to:

yh = Xph + Zuh + &b OBS! Bt =0
" ~ N(0,G2A)
&'~ N(0,52D)
h=1,..,s

« Obtain estimate @" by solving MME using simulated data y"

« Calculate " = XB" + Zah
« Calculate residuals & = y" — Xph — Zah
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Variance component estimation with REML

Monte Carlo EM-REML

» Traces can be approximated by e.g. (Garcia-Cortés method 1):

S

1
tr(AC) ~= ) (8% - aMAE")
h=1

S
1
tr(WCW') ~— Z(nag — ehveh)
S h=1
» Update variance components by plugging in the trace approximations:

52 =

[G'A710 + tr(A~1CY"Y)]

a |

1
62 = - [é'€ + tr(WCW")]

* Anincrease in MC sample size s will give more accurate estimates but costs more time!
Q « Sample size 5-25 gives already good approximation, but 1-5 is also used
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Variance component estimation in MiX99

Variance component estimation in MiX99 requires execution of
1. mix99i with initial values for the (co)variance components
2. mix99s with specific instructions in the solver option file (.slv)

~> mix99i model.clm > mix99i.log
~> mix99s < reml.slv > mix99s.log
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Starting values of (co)variance components

Options to specify the starting values for the (co)variance components in CLIM

» parameters are read from a file in sparse matrix * parameters are specified in CLIM
format

* The traditional sparse matrix format has one line
for each non-zero (co)variance.

1 11 1.0
parfile.var 1 22 1.0
b e . 211 2.0
1 1 1 1.0 >y 2 5 5.0
1 22 1.0
211 2.0
/2 2 2 2.0
random effect
number \
row column co(variance)

Q number number parameter
Luke
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Starting values of (co)variance components

Options to specify the starting values for the (co)variance components in CLIM

« mixed matrix format

I

parfile.mix

random
effect
number

1 IDENTITY
~~ _» 2 DIAGONAL
2.0

2.0

Luke

or

* identity matrix as (co)variance matrix for all
random effects

* easy option, but can be very slow

parfile.mix

1 LOWER
1.0
0.0 1.0

2 SPARSE
11 2.0
2 2 2.0
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VCE in MiX99

Convergence of VCE in MiX99

» Monte Carlo noise in parameter estimates are accounted with a special convergence indicator

» Convergence indicator at REML round k:

o BRE) — 86D )TEM (x) — 84D (x))
“E T EPE)TEM ) ’

where §(x) is the vector of predicted VC estimates based on x previous estimates. (x =i21 in MiX99)
« After cc]gk) has reached a value smaller than the specified convergence criterion, the REML analysis will

perform a sequence of
» Reduces the Monte-Carlo error from the parameter estimates by using weighted average with decreasing weights

for latest solutions
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VCE in MiX99

VCE in MiX99 using solver option file (.slv)

* For VCE in MiX99 one can define:
« Maximum number of REML iterations
* Number of Monte Carlo samples per iteration

« Convergence value
* In solver option file this is option E on the line followed by three additional lines:
max. number of REML rounds, number of MC samples, convergence value for REML

Default values: 1000, 5 and 1.0e-9
Type of the seed used by the random number generator

D=default initialization of seeds
R=seeds initialized based on the system clock

G=user specified seeds

Directory path for MiX99 preprocessor

Luke
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Example of solver option file (.slv)

reml.slv

# RAM: RAM demand: H=high, M=medium, L=low

. H nt 10
CDonrm'%g'PCCE # STOP: Max.iter, Conv.value BLUP, Criterion (A/R/D), Enforce
(CD =107, max 5000 5000 1.8e-5 d f
iterations) # RESID: Calculate residuals? (Y/N)

N
# VALID: Model validation. N=no, P=prediction, S=sum of effects, Y=YD, D=DYD, I=IDD, G=generate

N
# VAROPT: Variance options. (N)o HV, (S)tart HV, (C)ontinue HV, (F)inale, (E)stimation of VC by EM

# STOPE Max.REML rounds, Samples/step, Conv.value VCE, [Conv.value BLUP, sampled data]
10060 2 1.0e-9 1.0e-4

# SEED Type of the seed used by the random number generator
R

# MIXPATH directory path of mix99i preprocessor

/home/L1677/bin
# SOLTYP: Solution files? (N)o, (Y)es, (A)itken, (H)alf-Chebychev
Y

Q ~> mix99s < reml.slv > mix99s.log
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Output files and convergence




VCE in MiX99

Output files related to VCE

« parfile contains the latest solutions of variance component estimates
 The structure of the file is the same as in the file defined by PARFILE
» Columns: random effect, row, column, value

* REMLlog contains the VC estimates at each REML round
» Columns: REML iteration number, convergence criterion value, variance component estimates

 The first three lines in the REMLIog file describe the order of the parameter columns

 The fourth line contains the initial parameter values used
» Can be used to plot traces of each component (for checking convergence)

+ .log files
+ vceSE and vcel including standard errors and information matrix (introduced later)
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Checking the output files

mix99s.log (end)

-——~-DONE ---

v OK_mix99s file appeared

Copyright(C) Natural Resources Institute Finland (Luke)

v" mix99s.log file

v' REML has converged:
* reached the convergence value and not the maximum number of iterations

mix99s.log

Stopping criterion CD < ©.1E-4 achieved in iterations
NOTE: CD criterion must be met by two consecutive iterations!

Solutions have converged according to CD criterion of the last iteration.

MiX99_SOLVE: End of PCG Iteration

rounds

REML convergence criterion (©.1E-8) was achieved in

and additional rounds were performed to reduce variation in variance

REML ROUND CONV Cd -
component estimates.

MiX99_SOLVE: End of MC EM REML iteration

REML convergence criterion 6.1E-8 was _not_ achieved in rounds!
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Convergence statistics in REMLlog

REML iteration -

convergence —

criterion

Luke
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VCE in MiX99

Convergence statistics in REMLlog
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Estimate

Convergence of Covariance and Variance Components
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VCE in MiX99

Convergence statistics in REMLlog

Convergence of Covariance and Variance Components
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Iteration

and additional rounds were performed to reduce variation in variance

Q REML convergence criterion (©.1E-8) was achieved in rounds

component estimates.
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Convergence statistics in REMLlog

REML Convergence Criterion

log (cc_E)

Iteration

REML convergence criterion (©.1E-8) was achieved in rounds
and additional rounds were performed to reduce variation in variance

Luke

component estimates.
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Variance component estimates
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parfile
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Random effect: 2.7890333
1=PE 0.76124452
2=G 2.5466688
3 = residual -7.8752794
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Row and column indices
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To sum up

« VCE in MiX99 is implemented with iterative MC EM-REML algorithm

e Choices have to be made before the VCE:

* Initial values for the (co)variance parameters
 Value for the convergence criterion (REML and BLUP)

* Number of Monte Carlo samples

* Check the outputs and plot convergence plots
* Make sure that REML algorithm has converged
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