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MiX99 course: test-day models and single-step genomic prediction, 10-11 April 2025

Aim

Demonstrate the solving of covariance function models with MiX99 using 2 examples

• 2 Traits: repeated observations from 1st parity milk yield and feed intake 

• 9 Traits: repeated test-day observations from 1st, 2nd, and 3rd parity milk, protein, and fat yield
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Example 1: Covariance function model for describing 
longitudinal milk yield and feed intake data
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Describing milk and intake by a random regression model

• Let’s consider the following model:

where:

i=calving age, j=herd, k=contemporary group, l=animal, m=days in milk

Random regressions Model for 2 traits

𝑚𝑖𝑙𝑘𝑖𝑗𝑘𝑙𝑚    = 𝑓1 𝑐𝑎𝑔𝑒 + 𝑓1:𝑐 𝑑𝑖𝑚 + 𝐻𝑇𝑀1:ℎ + 𝑓1:𝑛 𝑑𝑖𝑚 + 𝑓1:𝑎 𝑑𝑖𝑚 + 𝑒1:𝑖𝑗𝑘𝑙𝑚  

𝑖𝑛𝑡𝑎𝑘𝑒𝑖𝑗𝑘𝑙𝑚 = 𝑓2 𝑐𝑎𝑔𝑒 + 𝑓2:𝑐 𝑑𝑖𝑚 + 𝐻𝑇𝑀2:ℎ + 𝑓2:𝑛 𝑑𝑖𝑚 + 𝑓2:𝑎 𝑑𝑖𝑚 + 𝑒2:𝑖𝑗𝑘𝑙𝑚  

𝑓1 𝑐𝑎𝑔𝑒 = 𝑐𝑎𝑔𝑒 × 𝑏1:1 + 𝑐𝑎𝑔𝑒2 × 𝑏1:2 

𝑓1:𝑐 𝑑𝑖𝑚 =  𝜙𝑠𝑚𝑐1:𝑠𝑚𝑗

3

𝑠=0
+ 𝑒−0.05×𝑚𝑐1:4𝑚𝑗  

𝑓2:𝑐 𝑑𝑖𝑚 =  𝜙𝑠𝑚𝑐2:𝑠𝑚𝑗

3

𝑠=0
+ 𝑒−0.05×𝑚𝑐2:4𝑚𝑗  

𝑓1:𝑛 𝑑𝑖𝑚 =  𝜙𝑠𝑚𝑛1:𝑠𝑚𝑙

2

𝑠=0
 

𝑓2:𝑛 𝑑𝑖𝑚 =  𝜙𝑠𝑚𝑛2:𝑠𝑚𝑙

2

𝑠=0
 

𝑓1:𝑎 𝑑𝑖𝑚 =  𝜙𝑠𝑚𝑎1:𝑠𝑚𝑙

2

𝑠=0
 

𝑓2:𝑎 𝑑𝑖𝑚 =  𝜙𝑠𝑚𝑎2:𝑠𝑚𝑙

2

𝑠=0
 

Fixed regression functions for calving age and 

herd-specific lactation curves
Random regression functions for nonhereditary 

(i.e. PE) and additive genetic animal effects

3rd order Legendre 2nd order Legendre 

𝑓2 𝑐𝑎𝑔𝑒 = 𝑐𝑎𝑔𝑒 × 𝑏2:1 + 𝑐𝑎𝑔𝑒2 × 𝑏2:2



©
 L

u
k
e

MiX99 course: test-day models and single-step genomic prediction, 10-11 April 2025

Describing milk and intake by a random regression model

Data file

CLIM file

ANI  HERD  HTD      DIM    cage1     cage2    milk    dmi

Table file
DIM          Leg_cov0                            Leg_cov1                        Leg_cov2                       Leg_cov3     exp(-0.005*DIM)

VC parameter file

1      3       5

2      4       6

Order of:

- variances in VCV PARFILE

- random regression coefficient estimates 

by factors and within factor by traits

t1                                        t2                                    t3                          t4                                  t5

Random regressions MiX99 specifications
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Building covariance functions for both animal effects

• Our original VCV matrices for nonhereditary and additive genetic animal effects are:

• Kn =                   

• Ka = 

• Let’s go through the derivation of covariance functions for the nonhereditary animal effects  

Deriving covariance functions with reduced rank Original VCV matrices
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Deriving covariance functions with reduced rank Standard deviation and correlation matrices

extracting the correlation matrix…

original Kn matrix 

correlation matrix 
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Deriving covariance functions with reduced rank Eigenvalue decomposition

sorted eigenvalues and eigenvectors  

decomposing the correlation matrix…
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Deriving covariance functions with reduced rank Rank reduction

keeping only the largest eigenvalues that explain at least a minimum required amount of total variance…

let’s require that at least 99% of the total variance will be explained 

retained eigenvectors and eigenvalues  
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Deriving covariance functions with reduced rank Covariate matrix of the covariance function

expressing the coefficient matrix Kn by 𝐄∗𝐄∗′…

difference (in %) 

original – rank-reduced correlation matrix  

rank-reduced Kn matrix  
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Deriving covariance functions with reduced rank Covariate matrix of the covariance function

deriving the final covariate matrix U…

by multiplying 𝚽 with the scaled eigenfunction matrix 𝐄∗,

we get the covariate matrix (U) of the covariance function   

please note, here we get 5 test-day × trait-specific covariates
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Modelling milk and intake by covariance functions

Data file

CLIM file

ANI  HERD  HTD      DIM    cage1     cage2    milk    dmi

Table file
DIM  t1                                         t2                                     t3                                   t4 t5                                        t6   …  t27      

VC parameter file

1 2 3 4 5 6

Order of:

- variances in VCV PARFILE

- covariance function coefficient estimates 

by factors

Covariance functions MiX99 specifications

1 2 3 4 5

Combining effects across traits

additive genetic

effect
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Example 2: Covariance function model with reduced 
number of parameters for a multi-trait test-day model
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Example data and model 
(Lidauer et al., 2015, JDS)

Data

• 20k cows with records, 30k animals in pedigree

• 353k test-day records

Model

• Multi-trait, 9 traits: milk, protein, fat in 1st, 2nd, and 3rd parity

• Fixed effects

• lactation curves nested in calving 2-years-periods, calving age, days carried calf, herd-2-years-period

• Random effects

• herd-test-day

• herd curves nested within calving 2-years-periods (RR: 3 coefficients /trait)

• nonhereditary animal effect (RR: 4 coefficients /trait)

• additive genetic animal effect (RR: 4 coefficients /trait)

• random residuals: 12 lactation period classes 

→ in total, 2340 variance component parameters
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Multi-trait random regression model

Data file

CLIM file

ANI  HRD TGRP HTM HC2Y C2Y AGE DCC DRY DIM RC milk   protein  fat

Table file
DIM          Leg_cov0                            Leg_cov1                        Leg_cov2                       Leg_cov3     exp(-0.005*DIM)

VC parameter file

t1                                        t2                                    t3                                   t4      t5

Random regressions MiX99 specifications

For this model we have scaled the observations

milk(1)/1.6, protein(1)/0.07, fat(1)/0.11, milk(2)/1.9, …

It may improve: 

- variance component estimation

- building of covariance functions

- solving the model 
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Multi-trait covariance function model

Data file

CLIM file

ANI  HRD TGRP HTM HC2Y C2Y AGE DCC DRY DIM RC milk   protein  fat

Table file

Covariance functions MiX99 specifications

DIM  t1                                         t2                                    t3                                   t4 t5   ……………………   t599      

combining effects across traits

VC file

This model requires 599 different covariates  

covariance functions  
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3 different models

Equations per random effect level

2 different preconditioners 

• Alt 1: Block-diagonal preconditioner for all effects

• Alt 2: Diagonal preconditioner for G and AE effect

Different model and solving alternatives

Random effect
Amount of explained total variance

100.0 99.5 99.0

Herd test-month 9 6 5

Herd curve 27 15 13

Nonhereditary animal effects 36 23 20

Additive genetic animal effects 36 22 19

Original model Covariance function model 

Model solving comparisons Solving alternatives
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Solving alternatives

Amount of explained total variance

100.0 99.5 99.0

Number of Equations
(reduction)

1 907 343
-

1 191 629
-38%

1 030 665
-46%

Block-diagonal preconditioners for all effects

Number of iterations 513 478 474

Solving time (mm:ss) 2:41 2:42 2:20

Size of preconditioner iteration file (MB)
(reduction)

130
-

52
-60%

39
-70%

Diagonal preconditioners for animal effects

Number of iterations >10 000 1861 1715

Solving time (mm:ss) 33:14 9:27 8:05

Size of preconditioner iteration file (MB)
(reduction)

9.4
-93%

5.4
-96%

4.6
-97%

Original model        Covariance function model

Expected size of pre-

conditioner iteration files

in case of 1M cows with 

records and a pedigree 

with 1.5 M animals  

6.5TB

270GB

Model solving comparisons Solving statistics
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Correlations between 305-d breeding values

M1 P1 F1 M2 P2 F2 M3 P3 F3

M1 0.995 0.854 0.695 0.879 0.729 0.542 0.812 0.666 0.468

P1 0.842 0.997 0.796 0.737 0.878 0.659 0.669 0.802 0.560

F1 0.683 0.795 0.997 0.586 0.716 0.869 0.569 0.688 0.800

M2 0.872 0.735 0.589 0.996 0.844 0.678 0.980 0.838 0.656

P2 0.723 0.877 0.720 0.853 0.996 0.825 0.839 0.980 0.779

F2 0.530 0.649 0.867 0.680 0.815 0.997 0.715 0.847 0.982

M3 0.810 0.674 0.575 0.979 0.833 0.714 0.997 0.861 0.722

P3 0.657 0.800 0.688 0.839 0.976 0.850 0.859 0.997 0.838

F3 0.460 0.557 0.800 0.653 0.770 0.978 0.719 0.835 0.997

Original versus Covariance function 99.5% Original versus Covariance function 99.0%

M1 P1 F1 M2 P2 F2 M3 P3 F3

M1 0.993 0.851 0.695 0.869 0.705 0.529 0.807 0.654 0.463

P1 0.831 0.993 0.792 0.742 0.872 0.663 0.670 0.799 0.559

F1 0.676 0.791 0.994 0.586 0.704 0.863 0.566 0.681 0.797

M2 0.871 0.731 0.588 0.988 0.818 0.664 0.978 0.827 0.653

P2 0.713 0.874 0.715 0.860 0.988 0.827 0.844 0.979 0.780

F2 0.524 0.645 0.864 0.681 0.802 0.990 0.717 0.843 0.981

M3 0.809 0.670 0.574 0.972 0.808 0.699 0.991 0.847 0.714

P3 0.649 0.797 0.684 0.846 0.968 0.852 0.861 0.991 0.836

F3 0.455 0.553 0.797 0.655 0.757 0.971 0.718 0.827 0.992

Model solving comparisons Effect on breeding values
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Convergence indicators CA, CR, CD, CM

Model solving comparisons Convergence characteristics

Original model                                                                           Covariance function model 99.5%

Alt 1

Alt 2

Preconditioner
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Thank you
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